Black Hole Entropy in Loop Quantum Gravity
B & 15 7 R RIS
J. Fernando Barbero G. and Daniele Pranzetti

J. Fernando Barbero G. 5 Daniele Pranzetti

Contents
Hx
Introduction. 4086
515, 4086
History of Black Hole Entropy in LQG. 4087
LQG HH BT FE . 4087
Isolated Horizons. 4090
ASZALSR. 4090
Boundary Conditions. 4090
JBHEAF. 4090
Phase Space. 4090
FHZE[A]. 4090
Constraints and Charges 4092
LSR5 1A] 4092
Quantum Geometry 4094
B LA 4094
Black Holes and Combinatorics 4096
RIS HEEE 4096

The Spectrum of the Area Operator 4097



TS Y3 4097
Black Hole Entropy Computations 4101
R 4101
Features of the Black Hole Degeneracy Spectrum. 4105
FATH R H IS HIHRFIE. 4105
Entropy DOF and the Immirzi Parameter. 4106
Hi B S PERIRTT2HL. 4106
Cross-References. 4109

X G|H. 4109

References 4109

SE L 4109

Abstract

R

We give an account of the state of the art about black hole entropy in Loop Quantum Gravity. This chapter
contains a historical summary and explains how black hole entropy is described by relying on the concept of
isolated horizon, with an emphasis on different representations of its associated symmetry group. It continues
with a review of the combinatorial methods necessary to understand the behavior of the entropy as a function
of the area and concludes with a discussion of the nature of the quantum horizon degrees of freedom that

account for the black hole entropy and the related issue of the fixing of the Immirzi parameter.
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Introduction

515

Black holes represent classical solutions of Einstein’s equations of General Relativity, and they correspond
to a final stage of isolated gravitational collapse. Starting on the late 60s, the investigation of black hole (BH)
physics has been full of surprises, and it revealed intriguing properties which turned these objects into a
perfect arena to test any candidate theory of Quantum Gravity. This chapter is devoted to the application of
the Loop Quantum Gravity (LQG) formalism to a statistical mechanical treatment of BH microscopic degrees
of freedom (DOF) in order to derive their semi-classical and continuum properties within a quantum gravity

approach. The main focus is the derivation of the Bekenstein-Hawking entropy formula
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where (in units ¢ = 1) kg is the Boltzmann constant, £p = \/m is the Planck length, and A is the
BH horizon area. In fact, right after the analogy between the laws of BH physics and those of ordinary ther-
modynamics was found in [1], Bekenstein [2] argued that a notion of entropy could be associated with a BH,
namely S = aA/¢3 , where a is a dimensionless, undetermined constant (from now on we set kg = 1).

Plugging this proposal into the BH first law
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relating different nearby stationary BH spacetimes, immediately leads to a notion of temperature propor-
tional to the horizon surface gravity xg; , namely Ty = hxgy/ (87ma) — in (2) @ is the electrostatic potential

at the horizon and Qp the angular velocity of the horizon.
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At the classical level though, the temperature of a BH is absolute zero since nothing can escape once
inside the horizon. By using methods from quantum field theory in curved spacetimes, Hawking arrived at

his famous discovery [3] of BH radiance with a black body spectrum at temperature
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Ty = ?, (3)

thus confirming the physical nature of surface gravity as the temperature of a BH and fixing a = 1/4,

which yields the entropy formula (1).
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Although Hawking’s derivation relies on a semi-classical regime, analyzing the scattering properties of a
quantum test field on the background geometry of a large BH before and after the collapse dynamical phase,
the final elegant expression (1) for the BH entropy involves the Planck length, i.e., the scale at which the quan-
tum aspects of the gravitational field cannot be neglected any more. Therefore, a proper statistical mechanical
understanding of the Bekenstein-Hawking formula can only be achieved within a quantum gravity descrip-
tion of the horizon microscopic DOF. It is recovering the exact numerical factor in front of the entropy leading
term which would then require to go to the semi-classical regime of the given quantum gravity approach. Our
goal is to show how these two steps can be completed within the LQG formalism (for other detailed reviews
see [4-6]).
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History of Black Hole Entropy in LQG
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The beginning of the investigation of BH entropy in LQG can be dated back to the pioneering work of
Smolin [7], where an interplay between a topological QFT on the boundary and a non-perturbative quantum
gravity description of the gravitational field in the bulk was proposed to describe the state space of a horizon
and to provide evidence for the holographic hypothesis. Subsequently, Rovelli [8] defined a statistical me-
chanical system modeling a quantum non-rotating and non-charged horizon characterized by a macroscopic
parameter given by the LQG eigenvalue of the horizon area. By identifying the BH entropy with the number
of microstates of the horizon quantum geometry compatible with the macroscopic configuration, he obtained
a result proportional to the area. Combining these results, Krasnov [9] proposed to use SU (2) Chern-Simons
(CS) theory to give a quantum mechanical description for the microscopic states of a large Schwarzschild BH.
The interplay between LQG techniques and the CS formalism of the boundary theory led to a linear depen-
dence of the entropy on the area, with a proportionality coefficient depending on the Immirzi parameter y
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This framework for BH entropy computations in LQG was put on firm ground by the introduction of a
quasi-local notion of horizon in equilibrium, with boundary conditions on the gravitational field specified only

at a given inner boundary of spacetime. This is the notion of Isolated Horizon (IH) introduced in [10,11] (see



also [12,13]), which provides a characterization of a static horizon but eliminates the need to have a knowl-
edge of the complete spacetime (like in the case of event horizons); this allows for different bulk dynamical
configurations which might be more physically relevant (or even necessary) in certain quantum gravity sce-
narios. At the same time, the IH framework is restrictive enough to recover the zeroth and first laws of BH

thermodynamics [14, 15].
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In the original analysis of the IH classical phase space [16], it was shown that the symplectic structure
of general relativity in the first-order formalism acquires, through gauge fixing of the internal symmetry, a
boundary term parametrized by a U (1) CS connection. The quantization of this enlarged phase space was
carried out in [17], by, respectively, applying LQG and CS techniques to the bulk and boundary Hilbert spaces.
By coupling the two through the quantum imposition of IH boundary conditions for a large, fixed value of the
horizon area, the linear behavior in the area of the leading term in the entropy was confirmed, as well as the
need to fix y to a specific numerical value so to recover the Bekenstein-Hawking entropy formula.
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While the fixation of the Immirzi parameter through the BH entropy calculation was presented as a way
to remove an ambiguity of the quantum formalism, such approach may seem unnatural. In fact, at the classi-
cal level the Immirzi parameter does not encode any physical ambiguity: Different sectors of y simply amount
to different canonical transformations in the phase space that do not affect physical observables. It is only at
the quantum level that y becomes a true ambiguity through its appearance in the spectrum of geometrical op-
erators. Therefore, relying on a semi-classical calculation like the one explaining Hawking radiation, where
gravity is treated classically, in order to select a specific value of the Immirzi parameter may be an indication
that some ingredients are missing - see however section ”Entropy DOF and the Immirzi Parameter” for alter-
native views on this topic. Nevertheless, the seminal papers [16, 17] started a rich investigation of the counting
problem that led to the discovery of sub-leading logarithmic corrections (independent of y ) and revealed a
discrete structure of the entropy functional for small values of the IH area [18-24]. It should be noticed that,
although the majority of the papers on BH entropy in LQG use the standard area operator, it is actually possi-
ble to make use of other natural choices such as the flux-area operator [25]. Although qualitatively this works
much in the same way as the usual approach, there are some interesting differences. The most obvious one
being that the area spectrum consists of equally spaced eigenvalues.
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At the same time though, this detailed investigation also led to the emergence of a second conflicting
aspect. A logarithmic correction had been found before in [26], without relying on the IH formalism but by
counting the conformal blocks of the SU (2) Wess-Zumino-Witten model on a 2-sphere with punctures. A sub-
leading term in the entropy was derived shortly after also by Carlip [27], relying on quite general symmetry
considerations about the algebra of constraints in general relativity in the presence of a (local) Killing horizon;
the appearance of a natural Virasoro subalgebra motivates the use of 2D CFT methods, previously proposed
in [28], which, not surprisingly since in both cases CFT methods play a fundamental role, led to a logarithmic
correction with the same numerical coefficient —3/2 as found in [26]. Carlip argued that, at least for non-
rotating BHs, this coefficient might have a universal nature. However, this expectation was at clash with the
result obtained with the U (1) IH framework of [16, 17] , which yields a numerical coefficient of —1/2.
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A way to understand such discrepancy is to observe that the algebra of the U (1) IH quantum boundary
conditions, relating the fluctuations of the boundary connection to those of the bulk fluxes defined on surfaces
intersecting the horizon, does not preserve the Lie algebraic structure of the classical theory. It follows that,
at the quantum level, one can impose only a subset of boundary conditions, leading to a slight overcounting
of microstates. This problem with the gauge symmetry reduced model, together with an attempt to provide a
more uniform treatment of the bulk and boundary DOF, in order to make contact with the original ideas of
[7-9] and better understand the role of the Immirzi parameter, led to the development of an SU (2) - invariant
formulation of IHs [29-32]. These works clarified both the classical and the quantum frameworks, which, in
the non-rotating case, allowed to show how the correct imposition of the quantum boundary conditions leads
indeed to the -3/2 factor of the logarithmic correction [33].
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Before reviewing the main technical aspects of the LQG BH entropy calculation, let us point out two im-
portant aspects that are common to these different technical approaches. The first one is the implementation
of a "weak holographic principle” (see, e.g., [34, 35] for an explicit formulation). This dates back to the first
works on the subject [7, 8] (an interesting discussion about it can be found in [36]). Weak holography applied
to the BH entropy counting implies that the relevant DOF are only those measurable by observers just outside
the horizon. In the LQG literature, this principle has been applied by constructing the horizon density matrix
by tracing over all the bulk DOF, both interior and exterior, and assuming the reduced density matrix to be
maximally mixed. In this way, only the quantum horizon boundary DOF are considered. These are encoded
in the structure of a single intertwiner (either U (1) or SU (2) ) between all the punctures created by the bulk
links piercing the horizon. This intertwiner is assumed to be flat, namely the coarse graining over the bulk
DOF is assumed to wash away all the information about the interior bulk curvature (see, however, [37] for
an analysis of the holographic regime of LQG in the presence of bulk entropy) and the total flux across the
boundary (in the Ashtekar-Lewandowski vacuum representation [38]) vanishes. There are valid arguments
[6,39,40] why this notion of holography is the only one that can survive in a background-independent quan-

tum gravity context, while stronger forms of holography may hold in a fixed background, semi-classical limit.
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The second important aspect is that the LQG intertwiner construction of a quantum IH is purely kine-
matical. In fact, within the IH framework, it has been shown in [16] that, in order for the Hamiltonian time
evolution (in the covariant phase space formalism) to be well defined, the lapse function smearing the Hamil-
tonian constraint of the canonical theory needs to vanish at the horizon. In other words, the bulk dynamics is
switched off at the horizon (in this way the horizon area becomes a physical observable) and one assumes that
for each TH boundary state there exists at least one physical bulk state compatible with it, which annihilates

the Hamiltonian constraint. In this sense the quantum IH construction is purely kinematical.
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As a final recent addition to the toolbox used to study BHs in LQG, it is worth mentioning the recent
work [41], where, instead of using a CS theory to describe the quantum DOF sitting at the BH horizon, the
authors introduce an SO (1, 1) BF theory. The main consequence of this is the enlargement of the covariant
phase space of the system, which can include now spacetime solutions with any isolated horizon as inner
boundary.

TE N & 151 0 TR TR AR oA 5E, (B —fRRZIE M LI [41], FEEIZ LIERRAR
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Isolated Horizons
ISR

Isolated horizons replace the teleological notion of event horizon with a weaker and local definition
involving the behavior of fields only at the horizon, while allowing us to derive laws analog to those of BH
thermodynamics. Let us review the more relevant features of such a definition as provided in [11, 14,15, 42]

(for more extensive and technical reviews, see, e.g., [5,43]).
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Boundary Conditions

JR A

Let us consider an asymptotically flat 4-manifold M with a metric g,;, of signature (—,+,+,+) and a
null hypersurface A of (M, g,p,) With topology A = S? x R . We denote by ¢ a future-directed null normal
to A, V,, the derivative operator compatible with g,; , and q,;, the degenerate intrinsic metric corresponding
to the pull-back of g, to A . The IH boundary conditions require, first, that all the field equations and the
stronger dominant energy condition hold at A . Furthermore, A is equipped with an equivalence class [¢] of
null normals, whose members are related by a positive constant rescaling, and the expansion 6, of any given
null normal ¢ € [¢] has to vanish within A . These conditions are enough to guarantee that the horizon area
of a given 2-sphere cross-section Ay is constant in time (no flux of matter nor gravitational radiation across
A ). Moreover, as implied by the Raychaudhuri equation, the null normal #¢ is also shear-free, so that the

spacetime connection V, induces a unique intrinsic connection D, compatible with the induced metric qg, -



The above conditions imply that the intrinsic metric q,j, is Lie dragged by ¢, that is, £,q,p = 0. The final
restriction demands that the full intrinsic connection D, be conserved along A , namely [£,D]|, = 0. This
condition allows one to define a notion of surface gravity x, that is also constant along A for each ¢ € [¢]
without the need to have a Killing field even in the proximity of A . We thus recover a generalized zeroth law

of BH mechanics.
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The isolated horizon boundary conditions provide a generalization of the Killing horizon concept that
encompasses all the globally stationary BHs. The freedom left in the positive constant rescaling of the null
normal £¢ reflects on the notion of surface gravity, whose normalization is thus undetermined. This leads to a
family of first laws of IHs [15]. In the case of global Killing fields for asymptotically flat spacetimes, the same
ambiguity is resolved by specifying the normalization of the Killing field at infinity. If required, one can select
a unique first law for IHs, e.g., in the non-rotating case, by matching the surface gravity to that of stationary
BHs.

PNLARSIL SR 7R RS, i 7 ATARARRSRI, FIER 00 HIEH BbrE i
B R RWAERR T 5| BIE X, BIERmE S EE— R e R, XSS T — ISR
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PNZASR BRI 54 S5 F8 SR RA AR 51 T P ECRT A,

Phase Space

R

In order to construct the Hilbert space associated with a quantum IH and thus identify the DOF that ac-
count for its entropy, it is crucial to first study the IH phase space structure at the classical level. In order to do
S0, it proves convenient to employ covariant phase space methods. As the LQG quantization framework relies
on the holonomy-flux algebra, we consider general relativity in its first-order formulation and, more precisely,
we focus on the Einstein-Cartan-Holst gravity. In this case, the fundamental variables are represented by a
tetrad coframe field composed of R* -valued 1-forms e! , with I = 0,i and i = 1,2, 3 labeling internal Lorentz

1J

indices, and a Lorentz connection w”’ = —w’! with curvature FV = do” + w!x A X7 .

10
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The Einstein-Cartan-Holst (ECH) Lagrangian is given by

%2 [Kl3HH - 52 4 B /R ks (ECH) fukg B H & i F R4t

1 1
Lgcu = EEIJ AFY, Epple] = (* + )—/> (erney), 4)

where the duality operation is defined as (xM),; = %E[ KMy . The time gauge in an ADM-like decom-
position of spacetime adopted in canonical LQG is imposed by demanding the component e° to be a time-like
vector field normal to the Cauchy surface )} intersecting an IH A at a given 2-sphere cross-section H = AN Y,

. Upon this gauge fixing, the symplectic potential of the ECH formulation reads

HAHEaREE XN («M); = ésUKLMKL o BRI LQG HSRHIZE ADM INZ3 73 RIS RIS, ZEK
oy O FIRATAIPEIE Y, FEIN KRS, PHE E40E —4EERIETE H = An Y A5 AR5
ARZZ, SEROXAEEIE G, ECH RIAKIFHa]E N

1 .
K@ECH = —f Ei AN 5Al, (5)
'y
where x = 167G, E' := & e/ Aek,and A' := T+ yK' is the SU(2) real Ashtekar connection. Here
K' := «° is the extrinsic curvature of . , while I'' = —%s”kw ik is the spin connection such that Cartan’

s equation dre! = 0 holds. The symplectic potential (5) tells us that the gravitational flux E' and the real
Ashtekar connection A’ are canonical pairs in the bulk Y if we start with the ECH formulation of gravity.
However, sticking to a connection variable in the bulk, we see that the ECH Lagrangian does not give rise to
any corner term on the IH cross-section H . Such a term would appear if we revert to vector-like variables

(E i Ki) in the bulk; in fact, using the properties of I'", it can be shown that (5) can be recast in the form

Htx = 167G, E' := e jpel nek, H A" := I' + yK' 2L Ashtekar k%% SU(2) . MAL K == o
= Y, AR, T = —%Eiika)jk R ST dre' = 0 BB TEkSS, A FATMGI I8 ECH Rk
HE, ¥ (5) R, 51718 &E E' 55 Ashtekar BXZ% AT BRI Y FEVIERI, SR, G0SRIR
FHERX I S &, A1 &I ECH hifg B H EASTEMNAR SR H b= A AL 5
i, HBRAMEARXISHEIR R E D & (BL KT, XRTURS I, HE b, A T AR, BTRAE
HAK (5) AT PARCE N Mg

K@ECH=/ EiAéKi+1[ e; Adel. (6)
b vJou

The implications of the corner symplectic potential in (6) in the quantum theory were studied in [44]. If

we wish to keep the corner term and a connection variable in the bulk, we need to add a boundary Lagrangian
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term to Lgcy - This yields the Palatini Lagrangian Lp = Lgcy + d€ , where the boundary Lagrangian reads
[45].

(6) LS B A B T RIS AU CAESCHR [44] FPBTST. QHERTATIAR B AR B 30 57 TR IR LR A
XIREABRLR LR, MFTREN Lpcy AII—MAF NS E I, BRI SRIENF e HE Ly, =
Lpey +de, HAAFHEEAH R [45].

1
e = Z/e,/\dweI. (7

The reason why we call it Palatini Lagrangian follows from the fact that the associated symplectic poten-

tial can be equivalently written as

PATREAR N IERIE FERAS A H BRI AR, XM EIEHA R AFE S

x@P=1/ EiAaAi+1f ei/\éeizf E; ASK?, 8)
vy YJou )

where in the second line we recognize the familiar canonical symplectic potential expressed in terms of

Palatini variables.

HAPBATTA] DAESE AT A tH R e 28 BB MIE N3,

Constraints and Charges

AP ST

The importance of comparing these two different formulations of gravity and their associated symplectic
potentials stems from the fact that they lead to symmetry charges for the IH that can vanish or not accord-
ing to which formulation one considers. This reflects the difference between gauge symmetries, which only
label gauge redundancies and cannot be used to label physical states of, say, the IH - since by defining the
corresponding Hamiltonian charges vanish on such states - and physical symmetries which, instead, possess
non-vanishing charges. While this difference does not affect the standard BH entropy calculation in LQG,
as reviewed below, it can have important implications for its interpretation regarding the nature of the DOF
accounting for it and the role of the Immirzi parameter in the entropy counting (we will come back to this in

section "Entropy DOF and the Immirzi Parameter™).

PRGN 51 08 N HAR S B A EZME IR T BA48 R AISZ SR (TH) XFRPE T = Rk
MR FET AT REIEF BN T, XM T RO AR S P B AR DA BT AR ORiE A
TETUR, REFSRFRICHIAN AN SR AW BES — RN RIS B A RIS EACSREIN R, T
BN FRIENIAHE IEF 6, G0 Nk, RER—ZRAENEE 15177 (LQG) HbriE R AT i
B/, (HEXXMRXMEE HE (DOF) FATR, JORRFTS ARG T R/ X LE Al A e s
ABEE (BIIXAE WA HESPRRFBEH —TREEX—3HE),
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In the following we concentrate on static isolated horizons, namely we restrict ourselves to the non-
rotating case (The staticity condition can be formulated by demanding the Newman-Penrose scalar compo-
nent (in a null tetrad frame adapted to the IH geometry) Im (¥,) to vanish [47].). As already pointed out, in
order for the Hamiltonian time evolution to be well defined, the lapse at the horizon must vanish. Moreover,
the time gauge fixes the internal boost freedom. Therefore, we only need to focus on SU(2) internal rota-
tions with parameter o' and spatial diffeomorphisms generated by tangent vector fields non-vanishing on the
horizon v € T(})) . In the bulk these transformations are generated by the Gauss constraint and the vector

constraint, respectively,

PBANREFFSILMGR, BIRE R BTE FSSF ] AR : ERIERC AT LA
MFh2eeh, A2-ZYEIREIT R Im (¥,) AF [47]). WIRTATIA, ZEEER TN Al RE X,
SULEINFZ AN Z, AN, I ARLTEREE T AER boost H HIE, HILFRATAFTRIESEON o« 1Y
SU(2) MER¥eEN, DANEVIFESZER, £ v e T Q) EIEFHZERM I FRIE, EARXH, X
L) | FH R ST L RN R B R AE K,

dsE' =0, (v F'(A))AE =0. 9)

By plugging the corresponding field transformations &, d, into the symplectic form Q = 50 , on-shell

of these constraints (denoted with =), it is easy to show that [30]

Rexs RIS 8, 8, RAFEEK Q = 60, TERXELHESE B (LN =), AJDMRAZIE [30]

¥Qp (84, 8) 2 0, ¥kQp (5,,0) 2 f §((v E) AK) =0, (10)
H

where the last equality holds due to the boundary conditions for static isolated horizons. Therefore, in
the Palatini formulation defined by the symplectic potential (8), SU(2) rotations and tangent diffeomorphisms
represent degenerate directions of the symplectic form for a static IH and their corresponding Hamiltonian

charges vanish. Stated otherwise, in this case the IH symmetry group

Hfg g — DS BOLIR TSNS A SR F. i, £l (8) & HIHHF e &b,
SU(2) ¥eahfngliai sy F g S A e e BRI 7, eI MR EEEA T, #i52,
FEXMIGILT, AL FREE

Gy = Diff (H) X SUQR)" (11)

is trivially represented at the classical level for the static case.
e N A= N YT R I s

On the other hand, if we consider the ECH formulation defined by the symplectic potential (5), one can
show [45]

B—75H, MRBRMZEBEYER (5) XK ECH £, RJPAIER [45]
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K Qpcrt (30 8) 2 1 f 5 («'Ey). xQpcy (80.8) 2 —2 f 5(v.e; del). (12)
14 H 4 H

Hence, in this case the IH symmetry group (11) has a canonical representation in the gravitational phase
space of an isolated horizon. In particular, it is straightforward to verify that the first set of charges in (12),
Ela]l =1/ (xy) f HociEi , reproduces the non-commutativity relation of the LQG fluxes already at the classi-
cal and continuum level, as pointed out already in [30]. More precisely, by means of the corner symplectic

potential expressing the non-commutativity of the frame field on H , we recover the 3u (2) Lie algebra

Rtt, ERAELT, JZASFREE (11) FEINZASE5 TS AR IENIZOR, R,
HEIRUE, (12) HAYEE—4HA E [a] = 1/ (xy) [ zo' E; FAELIUES ZHISEN T8 & 5 il Ery Ik
XHRER, XK [30] FELTEH, EMEFMN, EIRIA H _EFRAUAEX 5 IERIIa 5
5, BATATAKE su (2) 2K

{Elal,E[8]} = E[[a. B]]. (13)

These non-vanishing charges generate physical symmetries and can be used to label different geometrical
states of the horizon. The infinite-dimensional IH symmetry group (11) is a subgroup of the corner symmetry
group representing the universal maximally extended subgroup of bulk diffeomorphism in the presence of
an embedded codimension-2 surface. A recent study of the symmetry group and charges of non-expanding

horizons has been carried out in [48,49].

X AET A AL B AR, P DA SRARICAL SR A R LTS, TEg7 gEANZ LSS FREE (11) 230 57
FNIREER — 7 8F, DS ANIREERFAERARYE 2 sy, (A50o0 R R I8 BROR S 78,
MEHISCRIR [48,49] XA ERZAKAL SR A FREEFIMFIT e T HIF 5

Finally, the passage to a connection parametrization of the IH corner phase space, which led to the orig-
inal CS description of the boundary theory, can be achieved by means of a horizon constraint relating the
curvature of the real Ashtekar connection at H to the corner flux. For spherical IHs considered in the rest of

the chapter, this constraint takes the form

Ja, ZASPIISIA S0 SFAE 22 A Bk Zs S 8L (RN 4530 SRBE R FR-PA ST RE), =T DRI —
MRSFRLIHR, RLIFK H AKR PR RS AT R 530 B RECRER, N TABER T
ICHIBRIEANLALSR, %A HE N

)
Fi(a) 2 —ﬂ(lA—Hy)Ei. (14)

Using this constraint, the symplectic form of spherical IHs in the Palatini formulation can be recast as
[30]

MRZLER, WEREE e R P BRI AL SR 12 2NRT ASCE 9 [30]

1 . Ay f .
xQp (6,6) = = SE'ANSA; — —————< A A BA;, 15
P( ) yfz i 77',7/(1 _ yz) = i ( )

where the corner term now reproduces the symplectic structure of an SU(2) Chern-Simons theory at level
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B S U N BB T k 2 SU(2) FR-PE TR Y 254

Ag

T Aty (1-pd) (16)

kes

The symplectic form (15) together with (14) represents the starting point for the original IH quantization

yielding the single intertwiner model introduced below.
FIEK (15) SELIR (14) BEGIAMF B FUH AR, G2 T TR BELiE,

As reviewed in section "History of Black Hole Entropy in LQG,” the CS parametrization of the IH corner
phase space was initially revealed in a U(1) gauge fixed formulation [17, 50]. The inclusion of distortion for
static isolated horizons was introduced in both the SU (2) and U (1) constructions, respectively, in [31, 51]
, while progress toward the inclusion of rotation was made in [32,52— 55]. Alternative parametrizations
involving BF-like variables and amenable to 2+1 LQG quantization techniques were proposed in [56-58]. A
generalization to higher dimensional horizons and supersymmetry was formulated in [59-61]. The addition
of gauge charges was studied originally in [16] and later more thoroughly in [62]. The extension to topologies

different from the spherical one was considered in [63].

IEGNTE “LQG H R TRMESHIRFF I 8" — 1R EEAAREE, IS5t 5AH 23 [ /Y Chern-Simons £
B RWETE UQ) ITEEERIB I [17, 50]. 2 FI7E SU (2) 1 U (1) &5 N T EASIINT
MSFIISES, AHSE TR T [31,51], 1M [32, 52— TEAN AL RN 5 EIEUS 1 3 [55]. A AR
T2 BF AR, EHT 2+1 4k LQG & FLERIVERSEUL T % [56-58], A A TIE
AT = 4E S AN AR EHE T 3K [59-61], FITEHLATAY S | A B HSCHR [16] BT, ZJaSCHk [62]
HHAT T EARMEFR. ARTE RGN SRk [63] 1118,

Quantum Geometry

eIk

The symplectic structure (15) consists of a bulk and a corner contribution. The bulk term, parametrized
by the real Ashtekar connection and its conjugate flux, lends itself to a quantization in terms of standard LQG
techniques. This yields a bulk Hilbert space with an orthonormal basis of quantum geometry states spanned
by spin networks. These are states labeled by a collection of links joining at nodes of arbitrary valence and
forming a closed graph, a semi-integer positive number j (spin) - unitary irreducible representation of SU(2) -
assigned to each link, and an invariant tensor (intertwiner) in the tensor product of SU(2) representations la-
beling the links converging at the given node. We refer the reader to the Chap. 83, ’Emergence of Riemannian
Quantum Geometry” for more details on the construction of the LQG Hilbert space of quantum geometry.
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SEGERE (15) A SRR 5 A DR o AR TOT e S B Py R BBkt M H AL BT B 28k, 1& & FbriER
BT517 (LQG) BiRE T, MBS REIFAR/RBRF S RIIA B B BEM2% sk K & ¥ JUAISIER
A—F, XL —HERMC ERNT RUEET AR A S E, 2SRRI IERY j (8
g, BISUQR) MAEARRAERR), PIICREISGE T RIS BEHARIC SU2) ik BT K
B (P45 T). KT LQG &7 UAF/RMERFSRIFAIEAN T, &I 205E 83 8 “RE\ 1 /LMK
RIS

In the presence of the spacetime inner boundary associated with the IH, some of the links can pierce the
horizon 2-sphere. From an outside observer point of view, such links end at the horizon, where they create
punctures labeled by both the link spin j and its corresponding magnetic number m . This way, the bulk
Hilbert space can be represented as the orthogonal sum of open spin networks with one link ending at each
of the n points on the horizon forming a given finite set P with {j}, = {ji, ..., j,} , namely

SIS IS (IH) RERRIN 22 I 5, R HERS AT 2B A 5 —4EBR .  ASMNER XL B4
A, XEBERALIL TR, FHAEZCE T hERs 85 j M B8 m HEFERCHZE L. §8
I, AAR/RIABRF SR RO TT B e IIIESHM, HrbEa M RERL b TAIRE P Y n M A,
e {j}n = {j1s > jn}, B

_ P{j},
7y =By, 75 a7

. Pl . . . . .
such that all states in each subspace - Z{J In yield the same horizon area eigenvalue. This decomposition

is useful for the entropy counting in the area ensemble (section "Black Holes and Combinatorics”).

@%E??éﬁ%?mW%%ﬁﬁ%%ﬁﬁ@%@ﬁﬁﬂﬁﬁﬁoﬁﬁ%ﬁﬁﬂ%%%%ﬁﬁ+
EH ERET “BESHEE ).

The fact that the punctures are labeled also by (in general) non-vanishing magnetic numbers indicates
that, in the quantum theory, local SU(2) charges defined on a small patch of the horizon around each puncture
are different from zero. From the perspective of the Chern-Simons theory, these charges can be understood, by
means of the TH constraints (14), as sources of conical curvature singularities. In order to restore local SU(2)
gauge invariance at the punctures, one then needs to add corner DOF, which can be understood as topological
defects sourcing a distributional curvature for the Chern-Simons theory. It is important to stress that, in this
formulation, these so-called would-be-gauge DOF [64] have a purely quantum origin. This way, the corner
Hilbert space can be identified with that of a Chern-Simons theory on a punctured 2-sphere with level kg
given by (16), with flat curvature everywhere except at the location of the punctures in a given ordered set
P[17,29]. Upon identifying the Chern-Simons punctures DOF with the bulk spin labels, as a consequence of
the quantum imposition of (14) - which restores local gauge invariance - the total Hilbert space in the presence

of a quantum IH can be written as
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AL EF) EFME TSR], X—FHLRU: B THIeY, & XEFP TN
X ERIRIE SU2) A E, MIR-PURETEICRIAILAKE, B IR LR (14), X
R ] RN ST R A TR, O T IRE ZH LAY R SUQ) TEA A, BANFRZESIAL S
FEEE, ERDARRE N InINERIE, NPR-PES IR R IR, RERIFRE, %R
A, IXEERTERHEERLTE B B [64] FARRE RN, Bk, WA ARSERNZEREFN TRES N
(16) L5 HIHY kcs HUZEFL_4ERRTH_ERYPR-PESTEICAIR/RIBRF 2, IZEIeHERA 75 P[17,29]
TRE 2 LA BIMEAEHIRFIH, T AR (14) BIR 7L imposition RE T RISRIEAZEE,
ReFR-Pasr et fL B B SR B iebRic G, & & FINZAUR AR R/ R BRSBTS

B U o 0 Pl
Hoyy = @P’{j}nﬂ; ® g, (18)

Up to this point, the construction of the IH Hilbert space has been purely kinematical. In order to define
the physical Hilbert space, spatial diffeomorphism invariance needs to be implemented as well (Recall that
the Hamiltonian constraint does not play a direct role, as the lapse smearing function needs to vanish on the
horizon.). This is a subtle but important aspect of the entropy counting. As pointed out at the beginning of
section “Constraints and Charges,” if the tangent diffeomorphism charges vanish at the horizon, as it does in
the Palatini formulation (15), then the position of punctures on the horizon cannot be regarded as a physical
quantity. This means that states corresponding to different localizations of the punctures on the horizon need
to be considered as physically equivalent, and only the number n of punctures is required to characterize
physical states. At the same time, in order for the quantization of the corner phase space to be well defined,
an ordering of the punctures needs to be introduced. Moreover, for the entropy counting to yield a result
linear in the horizon area, the punctures need to be considered distinguishable (See [65, 66] for the analysis
and alternative models involving different statistics of the punctures.), so that different orderings count as
different physical states and contribute to the entropy - the importance of distinguishability between two sets
of punctures differing by their ordering was originally pointed out by Krasnov [67]. Different orderings can be
obtained by the action of tangent diffeomorphisms, which act transitively on this additional structure. This
means that, in the quantum theory, a subset of diffeomorphism charges at the horizon needs to be activated,
the same way as a finite set of local SU(2) charges are. In the standard treatment then, also these extra and
necessary diffeo DOF are considered to have a purely quantum origin - we will come back to this important

interpretational aspect in section "Entropy DOF and the Immirzi Parameter”.

FIHATALE, A5 (H) 7R AR R ISR U2 ias 2R mi, e XY B /RMAR 23,
TR RSN B RN (FIRE—TF, ML A ERRAIEEM, RO IR A
MFE ERAITNT), XM EP I EE SR — IR, (B0 “AUR S A" —IFSkEHa, R
Dlia oy R R AT EAL SR E VT —tBRIB R FERIE (15) HRITEOUIREE, BRI REALSR ERIAL
BB R, IXTEWRE, WSS BRI BRSREREFYE ESNT, R
AR REEE n RRIEYESHOHER, R, TG ARES R E I RE X, FHEAHRS]
A=, AN, EERTH RIS 2 SRR IE LRSS R, R E WA AT X0 T
HrANd R AR RIGE TR R (65, 66]), RILARIAIHET 2SRRI, A 5T
WA— HE R R E B R 5] X 2 R B AR M) Krasnov $5tH [67], RIFER AT POEE DI
Mo RIRRIERSEE, DIRM D RREIX NSNS ERDEEH, XEWE, R FHIeH, T2
BRI R R — D F 5., SUBJRER SUQR) A A REE TR, TEFRELERH, X4
Hoh B Z Ry RIE B B EE AN A S B FRIE—RMNS7E “MERES0PKR5TS
B A XA B AR R R

17



Hence, upon imposition of the spatial diffeomorphism constraint and keeping in mind the distinguish-
able statistical character of the punctures, the ITH physical Hilbert space for given number z of punctures can

be written as

I, FEREANZS R ) RRLT SR AR LR SR ] X Sttt U, 40 R R 80 n RIS ) B
i /R ERE 2 Al A] BAS

{j}
He"

U™ 2
where the spins j, ..., j, are subject to the horizon area constraint

Hiy = ® I (i wev s ) (19)

HAFEBE j1, ..., jn RS EFRLATR

n
AH—5S47TV€1%Z Ji(i+1) <Ag +6, (20)

i=1
where we introduced an area interval with & of the order of the Planck area. Finally, there is an additional
global constraint that follows from (14) and the spherical topology of the horizon, which implies that a loop
going around all the punctures is contractible and, hence, the holonomy along it should be trivial. This implies

the inclusion

REEMNFIAT —PEARXE, HoNEMmRENR, &5, B 04 MYTREREHRTNT IS
— NN LT R IAGERT A H R B2 AT 4N, DRI TR I R AR B 2 2P FLIN, X AR 22
(2=

HG (GroJn) CInV () @+ ® Jjin), (21)

where Inv denotes the invariant subpace in the tensor product, which becomes an equality in the large
area limit Ay « kcg — oo . Therefore, for a large BH, the horizon Hilbert space can be effectively identified
with an SU(2) intertwiner space between the spins associated with all the punctures. This single intertwiner
picture can also be understood as the result of a coarse graining procedure of the DOF of a spin network in
the BH interior [68].

Hrp Inv 2Rk BRI L F 2R, EREANIR Ay « keg — 00 FIZRENEFX, Hit, T
R, ALERAR ZRAERE 223 [R) AT DA A 5 <5 ) T A R R R K e IRV SU(2) 228122 [l 3X A4
FARZ Y PGt T DABRAR A SR P S B e 265 ) F R AORDRE AL AL TR A 25 R [68]

By further tracing over the exterior bulk DOF while restricting to horizon states compatible with (20),
in accordance with the weak holographic principle advocated above, we arrive at the IH density matrix oy -
Demanding the final BH state to be a maximally mixed state or equivalently the validity of a maximal entropy
principle - which is expected to capture some relevant features of the effective dynamics in the continuum

limit [69], the quantum statistical mechanical horizon entropy is given by
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IRIEBATHT SR B 55 2 BREE, X IMRIR B B BGE,  [RI FRAIZH 2 (20) FIAMLARE, 3,
T2 7 LSV ERERE oy o BRSBTS BRRNRES, TN T EREAMFB AL
—IZIFE BN T DANEE SR PR R 3 10— SAHSRRHIE, AR T gt A R F
THREH

S=-Tr(pw Inpm) =In(Nm), (22)

where N is the dimension of the IH corner Hilbert space. Its derivation through combinatorial meth-

ods is the subject of the next section.

Hrp Vi RIS AR BRr S R4ERL, A&7 RS TR T — T EE,

Black Holes and Combinatorics
MRS HEBEY

In order to compute the entropy of a physical system one has to count the number of microscopic con-
figurations compatible with its macroscopic state, i.e., solve a combinatorics problem. Ideally, one would like
to have closed expressions for the entropy, but often, it is necessary to work with asymptotic expansions to
really understand the behavior of the entropy in the large area limit (for which we expect that the “static”

description discussed above is good enough).

ZHEWHARSRNE, DG S5IZRGEIINSH BRI, BRE—DHEEEER
i, FARNEOL TN BAR BASENERIMA S 208K, (ElH AR Z 60 AL R A REE EE M
MR NREHIAT N, ERNIR N BATHUHRTCS IR TR ik e 95 .

The specific nature of the combinatorial problems relevant to the computation of BH entropy makes it
necessary to work with diophantine equations. Two other technical tools are also useful: generating functions
and Laplace transforms (as first pointed out in [19]). As we will show, from the Laplace transform of the BH
entropy as a function of its area, it is possible to obtain the large area behavior. This is how the Hawking law
is recovered in this setting. In the context of LQG, the use of combinatorial methods shows up at a very basic
level, for instance, when trying to understand the area operator. The distribution of area eigenvalues can be
studied in great detail [70] by using methods similar to those employed to compute the entropy, so we will

give a short account on this problem in the following.

TR TSR AT & REAARRYE, REEHERETTREITIR. 5 INEE MU HEAR
TR AR S P h i A (OCR [19] e RAEHIX — /KD, IEMNBATR ZRoRRY, @I RIS
THEERA R PR, 7] DS EIRHEARER FRATN, B FIERERXEER MEEIRER,
FEEET 517 (LQG) 1, HATTIRAIN A HIEIRH EMAT R, FlanENREMRER RS
Fl, MM RERNASCIEITTIE, w] AR BT 7 mAR A E R 246 [70], BIEEAIIE T CH
EPSN AR S
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The Spectrum of the Area Operator

TR I3

The spectrum of the area operator Ag associated with a surface S has a complicated structure (see [71,
72]), and however, when studying BHs in LQG modelled with the help of isolated horizons, the relevant part
of it is given by

S S SRBRAIERELRY Ag MUNESEHE 2% (WSTHR [71, 720), (EAERFFRAH B ARSLAN S AL & 1
SRR, A ER o AT R

n
As=4mye3 Y \[kj(kj +2): kj €N; neN. (23)
J=1

For simplicity, in the following we will use units such that 47y¢% = 1. The combinatorial problem that

must be solved in order to describe the distribution of the area eigenvalues can be phrased as follows:

MR, FXBATRAR 4rnyep = 1 BRI, R RIAAEE 741 77 Z MR A & R ETR]
RKIRGT:

For every positive number a > 0, determine the function N (a) defined as one plus the number of

different multisets consisting of positive integers k; € N such that

MERIES a >0, WERKN (o), ZEECE XN 1M ERRISFR, HIEREE k; e NARETAR
[FIZ RN, HAgAn

> \ki(kj+2) <a

jeN

The value of N (a) tells us the number of eigenvalues of the area in the interval [0, a] taking into account
the degeneracy associated with the fact that different multisets of positive integers may give the same area
eigenvalue. Several approximate ways to study this problem have been discussed in the literature (see [70]
and the references therein), and however, it is possible to tackle it without relying on popular, but difficult-
to-control, approximations such as 1/ k; (k; +2) ~ k; and 1/ k; (kj +2) ~ k; + 1. Notice, by the way, that
N (a) is a staircase function, i.e., an increasing function that is constant except at a countable set of values
of the independent variable a where it jumps (precisely the eigenvalues of the area operator). The Laplace

transform (If f : Rt - R : x — f(x), we denote its

N (@) KIEZ4H T X [0, o] PITIBUAAE AR, RN LA T R — R e 2 T g
AR BUAAEE, SO e T I SRR BT O [70) REHFSE ),
(A TR AR RN | [k (K + 2) ~ Ky B [l (kg 4 2) ~ ey + 130K PR ARSI e
BN, WG, N (o) EHEE, BCRMEN, BT ETR EER o ARABE)
RERL, BRI R AU A, BRI B f: RY > Rt x o (), R
$53L
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Laplace transform as £ (f;s) = [ go e f (x)dx .) of functions of this type can often be obtained in
closed form because the Heaviside 6 (a — a,) step function (ay > 0) can be expressed as (The integration con-
tour, denoted with the limits ¢ — ico and ¢ + ioo , is the straight line, parallel to the imaginary axis, Re (z) = ¢
with ¢ larger than the real part of the singularity in the integrand.)

PLEHHTBHICN £ (fis) = [o e f (x)dx o ) IXEEREHLE 7 4R 08 H 7] U B ST,
RN HBAETENE 6 (a — ao) BTEREREY (a0 > 0) AT LAFIRN (BT BEREHFR S ¢ — ico Fl ¢ + ico #RiE, 2
AT TRMES, MENRe(z)=c, Hc KTHERAREE RIIEE, )

c+ioco
1 ¢@=ao)s
Ola—ag)=~—
C

ds, (c > 0),
—ioco

and, hence, if the jumps of N (a) at a,, > 0(n € N) are §3,, , we can write

Kit, # N (a) £ a, > 0(n € N) HIBkERE N B, , FATTAI AT H

N(a) = — e TR, with B(s) = 3 e (24)
7 c—ico S ’ a n " ‘

In practice, the effectiveness of this strategy hinges on the possibility to write the function N (s) in an
appropriate closed form. As discussed in [73,74], by using generating functions and some properties of the
solutions to the Pell equation, it is actually possible to find the following expression for N(s):

bR b, AR ER T RE S KRN (s) B G ETER, EAISKHR [73,74] FHidiem,
A2 B BR BRI /R 7 ARARA A TR, FROTHASERT DUSEI N (s) B9 RIS

o)

H 1
k=1 1 —exp (—S\/k (k+ 2))'

Plugging this into (24) provides an integral representation for N (a) which can be used to extract the

N(s) =

(25)

asymptotic behavior of N (a) when a — oo and approximate expressions in other regimes (for instance, for
small values of a ) [70].

REHAAIK (24) BIRITGE N (o) BRI ERR, FIFNZARIRRAT DS E] a » oo BT TEF I N (a) BY
#EAT R, ] DS EIHARXIE (10 o BUMER) BT RERIAR [70],

As the derivation of (25) is actually the first step in the BH entropy computations, we will give now
some details about it. An important preliminary comment is that the eigenvalues of the area (23) can always
be written as linear combinations, with integer coefficients, of square roots of square-free numbers (These
are positive integers that can be written as products of different primes, i.e., such that their prime number

decomposition has no repeated factors.) p; (j € N),(p; =2,p, =3, p3 = 5,ps =6,...) . If a certain linear
r

combination @ := ) qy+/Py is to be an eigenvalue of the area operator, it must be possible to find solutions
k=1

to the equation
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AT (25) IS SEhn L RRIEIT RS 2, ROERN A EZ AT, —DNEZEN
SR T (23) FUAE(E S AT A NI P75 Al 7 2P T iR B R B H & B 77 I 75
& A 5 R R TSGR IE R &, HHREBO A RAEERT) p;eN),(pm=2p,=3,

P3=5ps=6,..)0 HRTENMHAT @ = Y qu/px ZRNHEREFRIAMLE, DHMEERE T
k=1
BT RER

> mk(k+2) =Y q/p; (26)
j=1

keN
in the unknowns k € N and n; € N . A solution (k, n;) means that a state with n; edges piercing the
horizon and carrying k/2 spin labels is an eigenfunction of the area operator with eigenvalue a . If several
solutions exist, the eigenvalue is degenerate, and if no solution exists, then @ does not belong to the spectrum
of the area operator. Each term of the form 1/k (k + 2) in (26) can be written as the product of an integer times
the square root of a square-free number (SRSFN), and hence, the left-hand side of (26) will always be a linear
combination of SRSFN’s with coefficients given by integer linear combinations of the nj . Then, we have to

identify, for each of the p; appearing in @, the possible values of k satisfying \/k (k +2) =/ (k + 1)2 —-1=
y\/p_j for some y € N . This amounts to solving the Pell equation

KTRHE k e NFlny € No # (k, ny) BWRE: FE—DIRE, B n FILFERTIHEN k/2 BIE
PR, ‘ERR R MAEE a FAIER £ & FEZ MR, MIZAEER GFH; & S FEMR, U
a NETHRERFE, X (26) FEA Vi (k + 2) BRI A AT N — MR L — T 77 A
FECF IR (SRSEN) HISRAH, Al (26) BIZEMIGGZE /2 SRSEN HIZRIMEAE &, HAREON ny HUREELER
VLG, B TR, MTFHIE a RIS p; , BANIREREBE VK +2) =1/ (k+ 1’ - 1=y/p;
CHFA y € N BRAZ) BY k BYRTREE(H, XM T REM/R 752

(k+1)’—pjy*=1 (27)

in the unknowns k and y for each p; . The solutions to (27) are well known. For each square-free p; ,
they are an infinite set of the form (k{n, yiy,) labeled by m € N . They all derive from a fundamental solution
(ki , y’l) - which corresponds to the lowest values of k and y - and are given by a simple formula (see [23]).
For instance, for p; = 2 the fundamental solution to the Pell equation (27) is (2, 2) and the first solutions are
(2,2),(16,12),(98,70), ...

R pj , T ARHR k1 y R, 3 (27) KRR EHIN, ST HT py , BRI (i, v
BITEF5 RS, Hm e NFRid, P arnT HAE AR (k%,yﬁ) SH—FEARIEN R k 1y B R ME—
FERDER R A RAE (BIL (23], BIG1, X py =2, (/RITEL (27) HEAMR (2.2), HIJLIME
H(2,2),(16,12),(98,70), ...

By doing this for all the square-free numbers p; appearing in @, we can put the left-hand side of (26) in

r o .
j . o .
the form ng mz::1 o yma[Dj » With n,j nonnegative integers, and write (26) as
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MBI a SHIFTHT T TH pr R RS BUE, RATTDUGR Q6) MR
S 3y VB R, Bt ARG, TR 26) 5

j=1m=1

o)

% nyg yin\[B) = X ey (28)
j=1 Jj=

m=1

Taking into account that the /p; are linearly independent over the rationals, equation (28) can actually
be written as the system of r equations

2 oy FEAHBUR EEMTER, TiRE (28) SEhR BRI DARKCE D r TR RN TR

2 Yy = =1t (29)

m=1

in the unknowns M - It should be noted that the sum in (29) is always finite with a number of terms
that depends on g; (the y{n grow with m ). Another important fact is that, for different square-free numbers
pj, and pj, , the sets {k{}, tme N} and {ki}, tme N} are always disjoint. This can be shown by noting that
ifk € {kﬂ}l Ime N} N {kﬂ,zl Ime N} , then there exist positive integers y, and y, such that p;/p, = y?/y3
, but this is impossible. Indeed, the irreducible form of the fraction p,/p, is the quotient of two square-free
numbers (say, 77; and 7, ), and the irreducible form of the fraction y%/y3 is the quotient of the squares of two
integers (say, z; and z, ). Now, the irreducible form of a fraction is unique, hence, 7; = z? and 7, = z3,

which leads to a contradiction as 7; and 7, are square-free.

BORARRIR ny o TEERIE, (29) FISRFEZARE, TEERT q; (yio B m 8 K), B—
AR W T RARTT A ETH py, 7 py, , 90 (kb m e N} 5 [k m e N] 82T
o XA PAE iR UER: % k € {k{}l :meNin {k{fl :meN}, WHFIEIEREE y, fl y, Wi
pi/ps = Yiy3, HIXZARATREM, L L, 738K pi/p, BRI BN TCE 7 R FE R (2
m Rl my), WK y3/y3 MIBELITE SR AR T IR (BN 2, M 2, )o T BRI BELI T
—, WA, =2 Ml m, =22, B f o, BRI F A FE, HILHEHRTE,

We then see that the variables n appearing in each of the equations in (29) are different. As a conse-
quence, the equations are independent and can be solved separately. There are, in fact, well-known algorithms
to do this. However, for our purposes it suffices to know the number of solutions to these equations. This can
be easily achieved by using generating functions. For instance, let us consider the following equation in the

nonnegative, integer unknowns z;, j € N (here, a; € N):

HUEATAL, (29) BRI AR nyy HRAFR KIXE TR LI, AT AT AIR
H b, O RIS AT DASE RO I T (R, (R TR S, S S AR R ARA A
RIAT, SXAT OB A R B AR 2, BN, H 8 NIRRT IRBEERIE 25, j € N BIJ5HE (At

ajEN).
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for each g € N. Now, the number of solutions to this equation is the coefficient of the x4 term in the

Taylor expansion about x = 0 of the function

ME q € N BRAZ, MIRHZTTRRRIARE N EIZ BEELAE x = 0 A3 BIRITH X TR REL

f) = ——

1 (1 — x%)
j=1

which we denote as [x?] f (x) - as can be easily seen by multiplying the Taylor expansions of 1/ (1 — x%),
and tracking the origin of the terms that add up to give each power of x in the expansion. By proceeding in this
way, it is straightforward to see that the number of solutions to (28) can be written as [xi“ x?’] G (xq1, x5, ...)
with G given by the following formal series involving an infinite number of variables x; , each one of them

associated with the corresponding square-free integer p; :

RANBZABIEN 9] F () — RFHE 1/ —x9) WRGEITHE, EBEFHEE x
B VR A WL R U AT AR 19 S0 — 2500, S ROX AR, AR (28) HOARECAT LS
[0 X8| G (3, ), Ho G I FREETEH SR x; AT, LRI
T V75 T p

GO = [T 11 L (30)

Notice that, for a concrete choice of a finite number of q j , one only needs to consider a truncation of
G involving a finite number of variables - the ones associated with the square-free numbers appearing in the
right-hand side of (26). Also, given a particular value of @ , the maximum value of each y{n is bounded by a ;
this constraints the possible values of m . Now, we are in the position to finally obtain (25). In order to do so, we

.
simply have to turn the terms of the form x* --- x#" in the power series expansion of Gintoexp | —s 3. q i\/D j)
=1

. This can easily be achieved by replacing each x; by exp (—s p j) . This leads to
HER, M TAKEENARD q; , BIIAFZEEWEN G, ENESERMEE—A153(26)

B TE 75 R ORI A L, D, A a REEESG, B v, FIRRIEHRSZ a 219
IXARRA T m B RTREIRE, IEBAIEE T ] DIHER I (25) 1o ik, BATHTR ¢ mPEJITH

T X - xBTS exp (-s 5% a1 /—p,.) | XA DR 5 MBS x; B exp (—sy/; )
j=1
523, e E:

ﬁ(s):G(e—S\/E,e_s\/E,...)zﬁﬁ;:ﬁﬁ 1. - :
i j —54/ m(k{n+2)

To end, we notice that, as {k#l :me N} and {k#l i me N} are always disjoint and every k € N is the
solution to some Pell equation (corresponding to a square-free number that can be identified by computing
\/m and taking out from the square root as many factors as possible), the products appearing in the
preceding expression can be written as in (25).
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RERATERS], F (k)2 me N2 : m e N} IRARIS, B k e N ESREAMVR
FRAOME OB — NET A T8, AT I (K  2) 2T A R R AT R 22 IR 73K,
RIAFIEA hHITALAT DS R (25) KL,

Several comments are in order now:

BREBATIZ8 tH LR A

« The expression for N (a) given by (24,25) is very well suited to analyze the spectrum of the area operator
(23) because it encodes both the position of the area eigenvalues and the degeneracy associated with the
fact that the same area eigenvalue can correspond to different spin network states.

« 3 (24)(25) LAY N (0) FRIXRAEF G S I ARAT (23) B, EOVERR SR 1 AR
TEAERIALE, AR IR — AR AL AR AT X6 A (7] 9 e D) 4 26 H SR B fei 5

« It should be pointed out, however, that the number of area eigenstates smaller than or equal to a given

area a is given byA liJIrrllv @ and notby N (a). Thisis so because the value of the inverse Laplace transform
—a a

at a jump singularity is the average of the left and right limits there.

- [BFRZEEH, PATHEEM o FERAESEEH liH]{I(a g, MAEN(a). X2EN
ﬁ#j&}“ﬁﬁﬂ“i‘ﬁéﬁﬁ%Ei—r,.\\&E’Jfﬁzzl?,\“7‘5761‘}3‘4@9’]5@]@

« It is important to realize that if the area spectrum were equally spaced, it would be possible to encode
the content of the function N (a) in a (formal) power series of a single variable. In this sense, Laplace
transforms prove to be far superior because they can accommodate more general situations as the one
relevant here.

o TEINHE: A EAREZFRER, IRARZREFRE0E DUREE N (o) FINA. #t
WS, AR S ERGEZ, FONE R DUERCA S K X B — AR IE O

Black Hole Entropy Computations

L2801 C =)

In the preceding subsection we have looked at the spectrum of the area operator. We will briefly explain
now how the BH entropy is defined according to some prescriptions considered in the literature (We will
not be exhaustive here, and we will just consider a particular example which, nonetheless, we consider as
sufficiently illustrative.) and how it can be computed by using generating functions along the lines spelled
above. Here we will focus on the U (1) case; we will make some comments on the SU (2) case at the end of
the section. A typical phrasing of the counting problem that must be solved in order to compute the entropy
of a BH is the following [18]:
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FERT—/ N, BAELF T EHAERT A, BETANTR A 3R, g st 28 R
T SR (BAHELAES 2, SOFIE—MREERMERT RG] ), DA AR ST SR B Y L A
AR BOH BRI, ASCBATRRE UQ) BN, EATTIREXN SU (2) TR EITIE,
N RRTA, TR AR TR A B RGR N [18]:

The entropy S (a) of a BH of area a is log (1 + N (a)) , where N (a) is the number of all the arbitrarily
long, finite, sequences (k;, ... , k;,) of nonzero integers such that the following two conditions hold:

AN a 9 BH I8 S (a), Bllog(1+N(a)), HH N (a) 2ifE L PR EERS
IRAEZELUFH (ky, ..., k) BIECE:

N N
2V kil (gl +2) <a, 3 kg =o0.
j=1 j=1

The problem can be solved by following these four steps:
T Al AT DRSS DA VYA BRR g
1. For a given value d of the area, find the number of ways to choose positive integers |kj| € N such that

L NEEREAE a, KW EFRIERE k| e N BiERT XE:

N
Zl \ il ([kj| +2) = a. (31)
j=

At this stage we do not care about order, i.e., we only need to find out how many times each integer
appears (we just count multisets).

FERX—BBAIAZ RN, RBRTESGHH DRI IRE A0 2 BRI,
2. Count the possible ways of ordering the multisets obtained in step 1.
2. BB BEINZEE, SibFrA A RERIHESITT 38,

3. Count all the ways to introduce signs in the sequences of integers considered in step 2 in such a way
N

that the condition ) k; = 0 holds. Here k; refers to |k;| with a positive or a negative sign.
j=1
N
3. X 2 SRINEBEUES, S FARESIATTS HIME S Y kj = 0 B97 58K, AL k; 53 1E
j=1
R [k o

0

=1
4. Repeat for all the area eigenvalues smaller than or equal to @ and add the results.

4. XFA/NTET a WA EEES ERPER, RaiRkM,
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Step 1 has been essentially solved in section "The Spectrum of the Area Operator” where we discussed
how to count the number of solutions to the diophantine equations that tell us the different ways to get a given
area eigenvalue. As we showed, a neat way to encode this information was to use the generating function (30).
In this step we just determine the number of multisets (configurations) {(k%q, My )} associated with a given

a=2q\/p;-
J
AR L REAE TIARERTRNS) — g, BT e TR 1S 2145 7€ AR E R

AR 2 W BRI AR TEQBATIFR, AR AR (30) 7T DA O 1212
X — SR HE 52 ﬁa_z%JE%%mzéﬁﬁmek o )} HEE.

In Step 2, let us consider a configuration

LB 2, BAIBR— MR

1., ke K, e Kaxes <o s Kmax | > P1s P2 oee s B > 0.

max

ny Ny nkmu

The number of ways to reorder the elements in this configuration is just given by the multinomial coef-

max

ficient ( D nk)'/ 11 nk! .

max kma}(
Ve T2 T 77 A F 2 T f?ﬁ(ZnQUHHM%ﬁo
k=1 k=1

We can now modify the generating function (30) in such a way that the coefficient of each term gives us

the number of possible reorderings. The way to do this is explained in [74]. The final result is

BUAERATT AT DAME A K R £ (30), S — TR AR B BT A m] RERYEEHERR, 1277 TR0 ST [74],

AL
-1
[So] [00] j
G (x1,%x,...) = Z 2 (32)
: m:
N
Step 3 The condition }; k; = 0 (often referred to as the projection constraint) can be taken into account
j=1

by including an extra variable in (32). As discussed in [74,75], the generating function

PR 3 &M Z k;j = 0 CEEFRNBGELIR) AL 7E (32) I IA—DHIMERRMAEE, 1B
iR [74,75] Fﬁﬁ ot I A 4

Gl (z,x1,%5,...) = (33)



(here the label DL stands for Domagala-Lewandowski) is such that

(tAbFRIE DL /X5 Domagala-Lewandowski) i /&

[x7'x32 -] [2°] GPL (2, x1, x5, ...) =1 [xT'x32 -] GPL (xy, Xy, ...)

gives the number of sequences of integers (k, ..., ky) satisfying the conditions

AT R RVEEUF (ky, ... ky) BIEH

N N
2V Kkl (gl +2)=a, 3k =o0.
j=1 j=1

We will write this number as DP" (q;4/p; + q21/p; + +++) and refer to it as the BH degeneracy associated
with the area eigenvalue q;4/p; +q24/pz + -+ . Notice that DP* (0) = 1. This will take care of the 1 introduced
in the definition of the entropy as log (1 + N (a)) . By using Cauchy’ s theorem we can write

R HAXABOEN DO (g Py + Goy/Ba + ) » FRECHEBAAER qu/ Py + qy/Bs + -+ NI BH
FIFEEE, R DY (0) = 1. X2ALERE LRI, 16N log(1+ N (o) MBS 1. RIFIRIZE 2
B, Bl AT A

1 dz 1 o
07 ADL _ DL _ DL (,i6
[z°] G (z,xy,...) = 7Pz G L (z,xq,...) ano déGPt (e, x4, ...),

where c is a positively oriented contour around the origin that we parameterize as z = ¢! . For (33) this

gives

Hep o BIGRRINIERMASEE, BITRESEN Nz =9 NTH(33), XA

27

~ 1 1

GDL (xl,xz, ) = Z_f o o ] ; d@ (34)
12y ¥ cos(kfne)x}"”

j=1m=1
Step 4 To conclude, in order to compute the entropy S (a) we have to take into account the inequality that
appears in its definition. To this end, given a value a of the area, we have to repeat the previous procedure for

all the area eigenvalues, smaller than or equal to a , and add the resulting BH degeneracies.

PG, NTHERS (o), BANHEELE XHHIAERX, ik, SE P HRfEaq,
BNFTENIANTET o WEHRAEEERES BRER, K528 R &AM,

If we had a concrete formula giving the eigenvalues a,, of the area operator as a function of n € N,
o]
this task would indeed be very simple: we would first build the generating function f (z) = >, D' (a,)z"
n=0

(maybe as a formal power series) and then consider f (z) /(1 — z) (see [76]). However, as far as we know, no
such formula is available. The alternative is to use Laplace transforms as shown in the following. To begin

with we can write

28



WRBATE D EMAA, fE Hﬁﬂqﬁﬁﬂﬁﬂi?ﬂﬁ a, FN n € NI, ARAIXIHES SRR
B BATTA] DA IS L B AL f (2) = E D" (ay,) z" (WIFREARELILN), BHE f(2)/(1 -2)

(ISR [76])e (EHEBRATIAIR, Eﬁu ERAIZFER AR BRITIRR MRS R #, W AT
o BIEHBATA DAE H

>, DPM(a,) = f iDDL(an)é(a'—an)da'.

{n:ap<a} 0 n=1

Remembering that £ (8,,,5) = e7%%, (ag > 0),£ (fgf (a")dd, S) = %L (f,s) , we have
T £ (8a,5) = €%, (ag > 0), £ (fof (@)dd',s) = <L (f,5), Bl

> DPl(a,) =L (% i DPL (a,) e=9n5, a) )
n=1

{n:a,<a}

The key insight now is

MERR LA L2

[« 27
S DPL (a) =90 = % f 1 de
n=l 12y % e=SYmVPj cos (ki,,e)
j=1m=1
27
_ % — do
0 (1 —2 Y e~sVk(k+2) cos (ke))
k=1
which, immediately, gives
TR IEZSA N
2T pXg+ico e
S(a) —
eS@ = = f f ds de, (35)

Xo—ioo ( -2 E e—sVk(k+2) cog (k@))

where the integration contour, formally denoted with the limits xy —ico and x, +ioco in the s -integration,
is the straight line, parallel to the imaginary axis, {z : Re(z) =

Xo} with xg larger than the real part of every
singularity in the integrand of (35).

FHorpot s B BIRR T EIE E XA _ETRIR xp —ico H1 xo + ico R, B VAT TRHMINEL{z : Re(z) =
xo}, H xo RT3 (35) PRI B & RIAISLHR,

Several comments are in order now:

BIAEBATI4E T L B
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« The expression (35) is exact, but it must be remembered that, to compute S for a value of the area

spectrum, it is necessary to take a limit from the right.
o RIXK (35) BFEWANY, HFZEE, ZHERAERE NMENNE S, DN TEHRIR,

« It is especially useful to study the asymptotic behavior of S (a) in the large- a regime. To this end, it is
possible to employ well-known asymptotic techniques. When these are applied to the present case, the

Bekenstein-Hawking area law is recovered for a particular choice of the Immirzi parameter y = 0.237 ---

o WK a XIET S (a) FIEREAT NN, XNFRIRAICHAH, AT DA R SERR#TIL 7T .
RIXLETT RN B ATIE O, S PRRGT SRR EE y = 0.237 - I, AJ US| DUH HH-8&
B HAER,

« From a practical point of view, the best way to get concrete values of the entropy for not-too-large areas
is to use (34).

o WSERHAERE, XFEBEAKKIEN, SR G4 [2RENERERER R

« In order to simplify the computations to understand the behavior of the BH entropy, it is quite common
to sidestep the introduction of the projection constraint and work directly with (32). This leads to an

approximate value of the entropy given by

o NTRAHE, 2 RFBIATY, BEIPOIRELARNGIA, BERERR 32) iHE, X
R REAILCUE:

) Xg+ioco as
S'@ = 1 e ds,
2mi Xo—ico < N
0 sl1=2 Z e—sVk(k+2)
k=1

which is somewhat easier to analyze than (35). As a matter of fact, this expression leads to the Bekenstein-

Hawking law for the same value of y = 0.237 --- , but with no logarithmic corrections.

AR (35) ERZ T, FLE, RPFIERIE y = 0.237 - BHFEMENWEES S VS HH-E &
TR, (HARGHABIEIEDL

+ Asimilar approach can be followed to work with some other prescriptions [29, 77]. The main difference
from the ones discussed here, as far as the combinatorial problem to be solved is concerned, lies in the
form of the projection constraint that must be implemented. In any case, the procedure is similar to the

one discussed here: introduce an extra variable z in the relevant generating functions.

o ROUTTAEA] T H A — LR [29, 77], WIRHRRAVH SR S, SATETTARE
B PIHET MBI BGELTRIE R, Toietnm], SERERS A SR FEAHSCAE AR L
FEINFUMER 2,
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The specific way to do this can be found in [75]. In these two instances the value of the Immirzi parameter
leading to the Bekestein-Hawking law is y = 0.274 --- which differs from the one given above. The respective

log corrections are

BRSNS UAT WK [75), FEIXFRIEOL T, S IEEE-ESE NIRRT HREN y =
0.274 -, 5 EXHHISEIEARR, X MAEIEIERN

—%log(a/%) (GM), —glog (a/€3) (ENP).

As mentioned above, the logarithmic term for the U (1) case is also —% log(a/¢}).

mt%ﬁ,mD%%T%ﬁﬁﬁ&ﬁ—?%@M@o

Features of the Black Hole Degeneracy Spectrum

SR T RS RORFAE

Very soon after BHs were considered in the context of LQG, direct numerical investigations unearthed
an unexpected regularity in the behavior of the entropy as a function of area [21, 22, 78] ; in fact, the entropy
appeared to be quantized much in the way predicted by Bekenstein and Mukhanov [79]. One of the first
applications of the combinatorial and number theoretic methods described above was to check and confirm
the above claims. They were later used to understand the origin of the observed substructure from the first

principles.

FEER 75171 (LQG) AEZ ML AR (BH) 5 A, HIEEUENIFRUAI, WfENmH [21,22,78]
AR ECERILH T BRI M 58 b, ML aeran UE SnEfIRIGTE K [79] BT Al S K2
BTN, EXATRASSEHICTIENRENAZ—, SUEBRRIFIER T Edsgiie, XETRER
BT I — PR %, PRI EI R F a5 R IR,

The main tool for this purpose is to use the peak counter first proposed in [78]. The idea is to find a way
to partition the space of possible configurations of k -labels in such a way that the peaks observed in the BH
degeneracy distribution (see Figure 3 of [78]) are isolated. This can be achieved by introducing functions in
the space of BH configurations (i.e., the different choices of spin labels for the edges of the spin network state
that pierce the horizon) in such a way that their level sets select those corresponding to the peaks in the BH

degeneracy spectrum.

MTF IR A0 TR SR [78] S PR AT ds. HE R ERE M5 ERI 7D k FRidhya]
REFIZUZER], AT 70 2t R TR 60 5 2047 P UL g (DL (78] & 3) 3 AT AREE IS 1 S TR A R 22 [R] (BT
R ZALF B BEM 48 48750 RN B BERRICifess) 51 NBREERI, (15 BRI K P B 1A 4 Oide Hi Xt
N7 ST e i P g T R LA Y

Given a configuration {(k, ny)}, we define the following functions:
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LaTERRY {(k, my )}, BATTRE AN R R

N:e-N:{lnm)}— Y m.K: € —N:{(kn)}— ) kn,P=3K+2N.
k k

The first one counts the number of edges of the spin network state that pierce the horizon, the second
adds twice the spin labels of these edges, and the third is a simple combination of both of them. The level sets
P = P~1(p) of the function P provide a partition of the space of configurations € = Upen%), - An interesting
observation [78] is that for each p € N the level set %, picks configurations that select a single peak in the BH
degeneracy spectrum. This is a nontrivial fact because other conceivable choices - for instance, the functions
P p) = aK + BN with a, B € N - do not provide such a neat partition of € (this is discussed in [24]).

B RGBSR LR ATILE, 5B A REBR MR R B bR id 2 M, =
MGERTAIFRH S, R P RIKTEE B, = Pl (p) BH THRIZEME € = Upen, FI— DX
7re SCHR [78] FI—NEBEZIR, XER p e N, KL B, Tk A RUE AT B IR & 15 1
HUEAAIE, IXFFARFENAEIE, ROV EMRTRERIERE—BIAN R Pog) = aK+ BN Fla,f €N —
HRTCIRG T ¢ XAMBIAIRI > (R IHE U [24]),

The availability of the peak counter P is very helpful to understand the staircase structure of the BH en-
tropy for microscopic BHs and its eventual persistence for large horizon areas. This is so because the function
that gives the entropy as a function of the area can be built as a sum of the contributions of the individual
steps singled out by P . In practice this is done by using the generating function

Uit #as P B AEAR A BY T BRI R TR I L84S,  DAROZSSIE R SR IR R RE & 155
fetE, XD, MRREm AR CRIEE, v DI P oy B RIS D BRI sk A, SEPRi
R BATE IS 2R AR e X — A

-1

GoL (v,s) = [Zo] (1 _ z p3k+2 (Zk + Z—k) e—S\/k(k+2)) , (36)
k=1

where a new variable v has been introduced in such a way that the inverse Laplace transform of [Ug] GPL (v,s)
gives precisely the contribution of the ¢ -th peak to the BH entropy (see [24] for details). After a suitable nor-
malization, the peaks of the BH degeneracy spectrum can be interpreted as probability densities leading to
probability distributions. A remarkable fact is that the values of the parameters that describe these distribu-
tions (not only the mean and the variance but also higher moments) can be extracted from the generating
function (36) in a straightforward way. Indeed, the expectation value for the n -th power of the area a” asso-
ciated with the probability distribution defined by the p -th step in the entropy can be computed as

HAGINTHZER v, X [vf] GO (v, s) MBLERHHA R HARAERE IS EIE ¢ DX BIFRSH 5THk
(A5 WL [24]) ILIELIA—(L)T, FAT a1 Al ] DA AR o BER T, S EIRER oA, —
MERTERNZLRE, MRREhIISEE CMUEAEIEN T Z, EEAEERENE) M LB
WA KPR £ (36) FHIREUIS S, SKBR L, RIS p DHEE SCEIBEZR AR B AR o #9 n R
g, mlhEd FRITR:
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(2] 6 )
[P]GPL (v,0)

From this it is possible to get the mean and the variance of the distribution and find several useful ap-

E(a"|p)=(-1)

proximations for the BH entropy. The crudest one only makes use of the mean and provides a very good
approximation for the position of the observed steps in the entropy when plotted as a function of the horizon
area. If the mean and the variance are used, it is possible to approximate the steps as Gaussian distributions.
These can be used to understand the fading of the staircase structure as a consequence of the fact that their

width grows linearly with the BH area.

H I BATT AT DS B AR REER TS 22, FHSBIZ D RRIARATA TPl ARSI EUUF FEME,
FLREARAT A & HURS VR AL ST e AR BRSNS, S EI A T BRRI AL, 40 SRR (58 P 9 (AT 75 22,
FATAT LR BRI AN e it 0 Ao R FH I B2 A DU RT DABRAGR 5 235 4 () S R 90 O P2 it B T T A2k
MK, RASBEHER,

We end with a word of caution. In the thermodynamical limit, the entropy satisfies some smoothness and
concavity conditions. These are essential in order to use the standard formalism of thermodynamics in which
fundamental quantities, such as the temperature or the pressure, are defined as derivatives of the entropy. As
discussed in [80], it is important to understand how the thermodynamic limit changes the results discussed

here, which have been obtained in the microcanonical ensemble.

RIGHMNEREER. ERNAWIRT, Wes TS MRt KSR R ERRERS
PR R O—IRE, ERFEARIEREIXAR PO OS2, 405K [80] Al
B, BAIHAETHERZE R EMIENR PR RN, EIHERES) AR R S Sasx gh R+
TTEE,

Entropy DOF and the Immirzi Parameter

1 E HE S TR RS2

Now that we have presented the technical details for the derivation of the Bekenstein-Hawking area
law from the counting of microscopic states of the horizon as identified within the LQG framework, let us
comment on the nature of these DOF and the related issue of the fixation of the Immirzi parameter.

RN EENA T £ LQG HEAL A IEIE N A S AS THESCHE & DL 17 3H- 28 < T AR A A B R 4
T, FEPRENIEREHHERAR, PAHE FK/RTTS AR M,

We reviewed in section "Constraints and Charges” that the IH phase space - before imposition of spher-
ical symmetry - is characterized by the symmetry group (11). As elucidated in [45,46], different formulations
of gravity, related by different choices of boundary Lagrangian, can provide different representations of the
corner symmetry group. We saw that in the Palatini formulation, which is the standard starting point of the
LQG quantization of IHs, the symmetry group (11) is trivially represented, namely all the TH corner charges
vanish. It is only at the quantum level that a finite set of these local SU(2) charges is activated through sin-

gular excitations of quantum geometry. In addition, also a subset of tangent diffeomorphisms permuting the
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punctures is included in the counting. Therefore, from the standard perspective, all the DOF accounting for
the BH entropy have a purely quantum origin, while the classical counting for a spherically symmetric TH

would naively lead to a zero entropy.

BAEAE “HNRSGH" — T EENL: FE5IABRFRIEZ AT, IINZALF (TH) 23 A AR RS (11) i
Ao IEUNSCHR [45,46] FTFIRA, JEIEIE LA RIL SRS H &S 2IRR R 51308, TG HTRA
MRIERERI AR R, BIEALED, £ LQC BF LIS SRAIPRIE & ., Palatini RIAFXFR
PERE (11) 2 P LFORI, BIFTE IH A E#EoAE, RAEER TR, &1 LARE R 2
TEARMNMX I SUQ) i, BEAh, X punctures B B A A1 53 IR 52 AR AN A B
I, MARERLASKRE, R oTik BRI E ARG 2 B TR IRAY, BRUFR TH AL -
ERRCEEEI RSN

This perspective, however, may seem quite counterintuitive from a statistical mechanics point of view
applied to ordinary systems, like an ideal gas, where any quantum degree of freedom has a classical counter-
part. In fact, the situation is usually the opposite than the one described above, with the Gibbs entropy (the
classical analog of the von Neumann entropy like (22)) that is often divergent, since the properties of classi-
cal systems are continuous and the number of classical microstates uncountably infinite; it is only a coarse
graining of the phase space that renders the classical statistical entropy of the system finite. In the quantum
theory, this regularization procedure is implemented through the discreteness of the spectrum of the relevant

observable, like the energy, defining the ensemble.

SR, MR A TR RERANAI N FARKRE, XIAATEHSEEEE—EY
BRI, [ETET HHEREESIS N, SKhrt, B EON_ESCiRRI G B &5 A M
(RNTS- TR SRR BRI, 13K 22) EERAME, FNEMARGRITEUZESIH), 20
SRR AATEICH R, AN EB TR A RS ZI RS ARNZ MG, E& 7
H, RXMENMCS R R IE A S AT L& (ANRER) IEATRS A MERSEBIRY, HIE XFRER,

We thus see that the interpretation of the BH entropy DOF can be reconciled with this familiar statistical
mechanics point of view if we adopt a gravity formulation, like the ECH one (6), where the IH symmetry
group is represented nontrivially in the phase space by having an infinite set of non-vanishing charges at the
classical and continuum level. In this case then, the crucial question is whether the quantization of such
phase space, or equivalently of the IH corner symmetry algebra, can be achieved and the counting based on
the new set of quantum numbers still yields an entropy proportional to the area. While entering this terrain
is beyond the scope of this chapter, let us conclude this section with a few observations and remarks about

this alternative description of an IH quantum geometry.

RIEBATRT AR, WRFNTRHA—F51403KIE, BN ECH Rk (6)—H A ISz SRR FREEE
M EHRARENRRE, ELMNESIKT A RIS Z AR m— AR 2 2R TR B R R Rl
A A BA RGBS PR E FERXAIEOT, XA T XEMZRNE I G T
PNLARFIA SO FRIEAET R T10) REA KB,  DANE T & TR HH U S RES 2 IE Fu T i i
AR, BARME NIX — s T AERYEE, LERAEATT e XM Iz A5 & LA e L
R — L5 S PR,

It was shown in [45, 81] that a regularization procedure of the infinite-dimensional corner symmetry al-
gebra, independent of a choice of bulk discretiza-tion, can be introduced, yielding a finite-dimensional coarse-
grained subalgebra associated with (11). This allows one to recover a discrete surface area spectrum already
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at the continuum and semi-classical level, as well as the LQG flux algebra representing one of the main in-
gredients of the IH quantization we reviewed. Moreover, applying a similar regularization in the time-gauge
context, a notion of infinitesimal diffeomorphism operators corresponding to spatial translations on the cor-
ner was derived in [44]. By an appropriate choice of smearing vector fields on H (reflecting the IH boundary
conditions), the latter could be understood as the generators of puncture reordering at the quantum level.
Following this strategy, one could then arrive at a picture where the standard LQG counting presented in
section ”"Black Holes and Combinatorics” applies as well to a new construction of the IH Hilbert space based
on the quantization of a finite-dimensional subalgebra of the IH corner symmetry algebra. This would put
the entropy counting in line with the usual treatment of statistical mechanical systems: The infinite number
of horizon classical DOF gets regularized by a discrete representation for the choice of the area element on
the IH cross-section, which forms a Casimir of its symmetry algebra and thus acts diagonally on irreducible
representations of G .

SCHR [45, 81] %A, ] DAGI A —RUHAL TR RS B BRI TT 55 4E M PR IEABUENML T R, 5815
2 (11) KERATH FRAEFDRLAL T8 XS HRATTA] DATEE SRGE A 22 L= T i 15 21 S B 2R i AR
%, DARFRAIMATEER TH & F 00 ER 2 ——LQG @R AR, thsh, Sk [44] TER RIFLYE
BTN TRCRVIENIE, HESSE] TN A SR EITCSS /MU RIS, g
%P H ERIRIRSE ) (R TH A5 50, a8 Al DA AN & 7 R R E R U, #
fEIX—RRE, BTG -DER: “RASHES” —THAHINE LQG T4, [FIFHE
MTFET H AR FRIERECE RYE 7 REE FOER 28 TH fi/RMER 2R, XRIEmHHE0T S
Gt N ERGRTE AL 753 ISR B SR TCS 2D B, iR TH A B R AT
FEBEBETRIENIE, ERUTENRMERBHIRIOR/RE, EIAE Gy AR ZAFRR EX AR,

The other advantage of this alternative treatment of the IH phase space is the fact that the role of y
becomes apparent already at the semi-classical level. In fact, while leaving the classical bulk dynamics unaf-
fected, only in the presence of a non-vanishing y we have access to a nontrivial representation of the internal
Lorentz transformations on the corner phase space. Moreover, y appears as a proportionality constant be-
tween the surface area element and the SU(2) Casimir already at the semi-classical and continuum levels [45,
81]; this provides a pre-quantization evidence of how its numerical value labels unitarily inequivalent Irreps
of the corner symmetry group defining the non-radiative (kinematical) Hilbert space of the theory. From this
perspective then, it is clear how y plays a crucial role already at the semi-classical level and the fact that its
numerical value needs to be fixed in order to recover the entropy-area law becomes a natural feature of the
approach that we have followed.

X IMSZARSTAR 23 R XA AL B S — U B AE T y FIERI R L IR E L B, Bk, &
AWM 17, BRAS y IFFN, B4 IS 205022 A _E TS AC 222 g
Tor, AN, BMEEFLMANELRER, y WRIVREIITS SUQR) RIEK/RE Z (A LB H L
[45, 81]; XOEBMEFFRCE X T EICAREST (2850%) F/RIARF 22 RIATA SOMFREER B A F
ARTAFORIEME T B FEATAIESE, BIALA ] UEWE H, v LR SRR,
PR b e [ HAEA REfR 2 DU WHH- B i AU &, IR BTSRRI — 1 B2

While these considerations can resolve the possible tension caused by the numerical fixation of y , they

surely do not disqualify previous attempts to eliminate it or at least alleviate it. Some of these include:
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JXEEZE Bn] DARRE E y BUE T RETR SRINP G, (BEN TS A & € L aTERE R /D 5% A @l
2R, IXEEEAETE:

Considering the running from the UV to the IR of Newton’s constant and the horizon area within the

effective expression for the entropy [82].
o TERSHYA RERIAA P A S S ARSI BIZL M BE S [82]

« Introduction of a new parameterization of the boundary connection independent from the Immirzi
parameter in the bulk [31, 33] .

o SIAMEIIA [31, 33] BIER/RFT S EETL RGBT =

« Modification of the first law of BH mechanics through the introduction of a new quantum hair associ-

ated with the number of punctures [83].
H5IANG ZELEBHE XA & BB IERT N E —E 8 [83].

+ Construction of a local quantum Rindler horizon generated by the boost Hamiltonian of Lorentzian
Spinfoams [84].

o H9IE 1% B IR boost M I B AR AR JR) IR - MAEEEH ISR [84],

« Analytic continuation to y = i in order to restore the full spacetime covariance of the Ashtekar connec-

tion and a proper notion of horizon thermality [85-89].

o Xy = i WRNTIESR, DAPRE AT PG R B 1 S RE A 2 AR 14 DA S A SR BT A8 (418 24 78 X [85-
89],

+ Introduction of an extra holographic degeneracy factor in the IH partition function associated with the

entanglement of matter DOF near the horizon [65].
o TEAMSZARSHAL 77 R ECrh 5 | NBRAM 2 B R R IR 7, X AU SRR 53 B Fl EE AU 9 (651

+ Construction of condensate states in the Group Field Theory formalism, encoding the continuum spher-
ically symmetric quantum geometry of a horizon [69, 90].

« EREFICHAERRPERRE, SIS HESERN FRE T LA [69, 90],

In the end, the correctedness of the value of the Immirzi parameter predicted by the standard LQG BH
entropy calculation can be addressed in a conclusive manner only through observational tests sensitive to
the area gap; for promising steps in this direction within a cosmological setting, see [91] and the Chap. 90,
“Loop Quantum Cosmology: Relation Between Theory and Observations.” Alternatively or (hopefully) in
addition to this path, one can hope to have at least another independent theoretical model descending as
close as possible from the full LQG framework, where the same numerical value is predicted by demanding

a given outcome or value for an observable of physical relevance. In this regard, it is intriguing to point out
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that the value of y = 0.274 --- obtained from the SU(2) counting has been predicted from the study of the
effective dynamics describing a Schwarzschild BH interior as derived from a partial gauge fixing of the full
loop quantum gravity Hilbert space; in this model [92], the physical relevance of the specific numerical value
is related to the behavior of the post-bounce interior geometry, which approaches an asymptotically de Sitter
geometry only for that specific value - see the Chap. 92, "Quantum Geometry and Black Holes” for other
constructions of BH interior effective geometries in LQG.

%%, bR R 5 1 BRI T S R A JOK/RTT SEUER A IER, R AEIE N o A A BR AUk A
MIE2E HETE ; R T FHEH R NZTARTATHERE, 2 U [91] F155 90 = “[& &% #itS
MLIMAIS R BRIELASE, (BT E) IE 7] DUSE 55— MRS BHe AR, B R AT RE M e RE I & 75|
THEZR A, 38 I RS EIHE — Y EAE O AT W 8 945 2 45 SR ECEUER Wil (HAHTRIRYT y = 0.274 -
{H, FEMTTHERERNR, #d sUQ) HEISEIR y = 0274 - {H, T4 ANFHA S FLFG AR
PIEREH R 1 A e FR S 21, %30 12 nt seRE R & 15 | 0 A /R B R 22 (R R o VR E 2 15
FHY; XA [92] Hh, R BUERIP BRI S R R BT LRI T N A R, A BOXME
It S 34 ) LRI A S B E A P Ry T U —— K T & 15 | 1 R A U LR L fAeiE, 2
W 92 & “B¥LMS BN,
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